An (affine) algebraic monoid is an affine variety over an algebraically closed field K endowed with a monoid structure such that the product map is an algebraic variety morphism. Let M be an irreducible algebraic monoid, G its unit group, P a parabolic subgroup of G, and e ∈ M a minimal idempotent. We show that P = C P (e)R u (G) and that the assignment P → C P (e) defines a oneto-one correspondence between parabolic subgroups of G and of
Introduction
The parabolic subgroups play a crucial role in the structure of the algebraic groups, especially in the structure of reductive groups. Analogues of parabolic subgroups of algebraic groups are parabolic subgroups in complex Lie groups [13, §6.1] , parabolic subalgebras in Lie algebras, parabolic subgroups of finite groups of Lie type, block-triangularizable sub-algebras in linear associative algebras (cf. [6] ).
Parabolic subgroups also play an important role in the Putcha-Renner theory of (algebraic) reductive monoids. The parabolic subgroups for reductive monoids with zero have been well studied by Putcha et al. [12, 15, 16, 18] , where parabolic subgroups are realized as one-sided centralizers of idempotents in a cross-section lattice [15, Theorem 10 .20]; while parabolic subgroups for general algebraic monoids are yet to be studied. In this article, we study some properties of parabolic subgroups of the unit group G of an irreducible algebraic monoid M with more than one minimal idempotent, where M is referred to as irreducible if it is so as an algebraic variety. Recall that M has more than one minimal idempotent if and only if dim E(ker(M)) = 0 if and only if C G (e) is a proper (closed connected) subgroup of G, where e ∈ E(ker(M)). One of our main results is that there exists a one-to-one correspondence between the parabolic subgroups of G and their counterparts of C G (e), where e is a minimal idempotent of M.
On the other hand, when char(K ) = 0, any connected algebraic group G admits a Levi decomposition G 0 R u (G) , where G 0 is a Levi subgroup (a maximal reductive algebraic subgroup of G). If the character group χ (G) = 0 and G 0 is not a torus, then G has proper parabolic subgroups; moreover, by [4, Theorem 4 .1] and [17] ,
• there exists an irreducible normal regular algebraic monoid M such that G is the unit group of M G;
• there exists a minimal idempotent e of M such that G e = G 0 .
If furthermore G 0 is not normal in G (this is so most of the time), then e is not central in M, that is,
is a proper algebraic subgroup of G (due to G e C G (e) and xG e x −1 = xM e x −1 ). When G is nilpotent (respectively, reductive), ker(M) is a nilpotent (respectively, reductive) group [8, 9] ; while in many other situations, ker(M) is not a group, in other words, C G (e) is a proper (closed connected) subgroup of G (we shall see that this is equivalent to that C P (e) is proper in P for any/some parabolic sub- It is well known that if char(K ) = 0 or G being reductive, parabolic subgroups of a reductive group have a Levi decomposition. Here we shall show that, for an irreducible algebraic monoid M over an algebraically closed field and with unit group G, any parabolic subgroup P of G is uniquely determined by the proper subgroup C P (e); precisely, P can be properly decomposed into a product of the centralizer C P (e) of a minimal idempotent e and the unipotent radical R u (G) of G. In the important particular case that C G (e) is reductive, we shall see that the product
This article is organized as follows. Section 1 is for assembling notion and notation; Section 2 is for the study of our decomposition of parabolic subgroups in terms of the centralizer of a minimal idempotent; Section 3 is to show the one-to-one correspondence between parabolic subgroups of G and of C G (e).
Preliminaries
We now assemble some notions and notations. An algebraic monoid M is both an affine algebraic variety over an algebraically closed field K and a monoid for which the product map M × M → M is a morphism of varieties; the unit group G of M is an (affine) algebraic group; and when M is irreducible, M = G. By [15, Theorem 3.15] , an algebraic monoid is isomorphic to a (Zariski) closed submonoid of total n by n matrix monoid M n (K ) for some n.
Let M be an algebraic monoid. By convention, throughout this article, we denote by J e , and H e the J-and H-classes of e in M under the Green relations, respectively (see [15, Chapter 1] ). Denote by E(M) the set of idempotents of M. We call an algebraic monoid M regular if it is so as a semigroup,
For an algebraic monoid M with unit group G, its kernel, denoted by ker(M), the minimum twosided semigroup-theoretic ideal, always exists [15, Theorem 3.28] . It is the "bottom" of the algebraic monoid M, which carries a lot of structural information about M as well as about its unit group G. A multi-angle illustration of the structure of ker(M) in general settings and relevant structural relationship with R u (G) were given by the author [4, 10] . ker(M) is a smooth subvariety and
as affine varieties, where e ∈ E(ker(M)). Notice that eGe = eMe is an algebraic group. Recall that (E(M), ) with e f ⇔ e = ef = f e is a poset. Notice that an idempotent is minimal in M if and only if it lies in ker(M).
Assume M is irreducible. We call M reductive (respectively, semisimple, solvable, nilpotent, toric) if its unit group is reductive (respectively, reductive with one-dimensional center, solvable, nilpotent, a torus). For an algebraic group G, we denote by R(G) (respectively, R u (G)) the radical (respectively, unipotent radical) of G, that is, the maximum (closed) connected normal solvable (respectively, unipotent) subgroup of G. For a subset V of an algebraic monoid M, denote by V the Zariski closure of V in M. An algebraic submonoid (respectively, subsemigroup) of an algebraic monoid M is a (topologically) closed submonoid (respectively, subsemigroup) of M. For any algebraic subgroup F of G, . For a semigroup S we write C (S) for the center of S. When P is a subgroup of a group Q , we write P Q or Q P . [15, 18] are our primary references for algebraic monoid theory, and [1, 11] for algebraic group theory.
The centralizer of minimal idempotent and decomposition of parabolic subgroup
In this section, we study C G (e), the centralizer in G of a minimal idempotent e, and how a parabolic subgroup of G is related to it. As we shall see shortly, many important algebraic and topological structures or properties of M and G are completely controlled by this subgroup; for example, the solvability or regularity of an algebraic monoid can be reduced to that of the irreducible algebraic submonoid C M (e) = C G (e) [10, Theorem 3.8] . Since E(ker(C M (e))) = {e}, the proper submonoid C M (e) is much easier to handle than M (if dim E(ker(M)) = 0). 
and a surjective group homomorphism
Notice that G e C G (e) and that
Recall (see [10] ) that E(ker(M)) ∼ = E(Me) × E(eM) as affine varieties and both E(Me) and E(eM)
are irreducible closed subvarieties of M (so is E(ker(M))).
The following proposition shows the special role of minimal idempotents in an algebraic monoid.
Proposition 2.1. Let M be an irreducible algebraic monoid with unit group G and a minimal idempotent e.
The following are equivalent:
In particular, if M is regular with kernel a group, then dim ker(
Proof. For (i) ⇔ (ii), clearly we need only to show (i) ⇒ (ii). Let x ∈ C G (e) and y ∈ G. Then, by the assumption, yxy −1 ∈ C G (e). So
This implies that ef = f e for all f ∈ E(ker(M)). Thus e ∈ C (E(ker(M))). To show that the idempotent e is central in M, it suffices to show that if ker(M) is not a group, then it has no center,
i.e., C (ker(M)) = ∅, since when ker(M) is a group its center is also central in M. Indeed, assume that
by the minimality of e and f , we would have e = ef = f , a contradiction. So e is the unique minimal idempotent of M, that is, ker(M) = MeM = eMe = H e is a group as desired.
(ii) ⇒ (iii): Assume e ∈ E(ker(M)) is central in M. Then ker(M) = MeM = eMe = H e . Thus, for any x ∈ C (ker(M)) and a ∈ M, since {ae, ea} ⊂ ker(M), 
This shows that C (ker(M)) = ker(C (M)). (iii) ⇒ (iv): Assume C (ker(M)) = ker(C (M)). Notice that since C (M) is an algebraic submonoid of M, its kernel is non-empty. Thus (iv) holds. (iv) ⇒ (ii): Assume C (ker(M)) = ∅. Then C (ker(M)) as an algebraic subsemigroup contains an idempotent f . Then f ∈ E(C (ker(M))) ⊆ E(ker(M)) is central in ker(M). Thus, by (1), f is central in M, and thus ker(M)
where rank(e F e) is the dimension of a maximal torus of the algebraic group e F e. So dim ker 
8], C P (e) = P . Notice that E(ker(M)) = E(R(G)) ⊆ E(ker(P )) ⊆ E(ker(M)). This shows that e is central in M.
(
Remark 2.2. It is always true that C (ker(M)) ⊆ ker(C (M)). But it can happen that C (ker(M)) is a proper subset of ker(C (M)). For instance,
Due to [15, Theorem 7.4] , an irreducible algebraic monoid M is regular if and only if C M (e) is so.
The following proposition shows a similar result for the solvability of M (or G).
Proposition 2.3. Let M be an irreducible algebraic monoid, G the unit group of M and e ∈ E(ker(M)). If C G (e) is solvable, then G is solvable.
Proof. There is a maximal torus T of G such that e ∈ T . So
by [15, Theorem 6.30 
], J e ∩ E(T ) = {e}, implying that x ∈ C G (e) and thus N G (T ) = N C G (e) (T ).
Since T is also a maximal torus of C G (e) and since C G (e) is solvable,
N G (T ) = N C G (e) (T ) = C C G (e) (T ) = C G (T ).
This shows that G is solvable. 2
Theorem 2.4. Let M be an irreducible algebraic monoid with unit group G, e ∈ E(ker(M)) and P a parabolic subgroup of G. Then
Then N is an irreducible algebraic submonoid of P . Notice that R(G) P and
Observe that C P (e) is a closed connected subgroup of P . Thus C P (e)R(G) is a connected closed subgroup of P and thus C P (e)R(G) is the unit group of N. Notice that
So N e = P e . Since, by [ So eNe = eC P (e)R(G)e = eC P (e)eR(G)e = eC P (e) = e P e.
4], amounts to checking both equalities eNe = e P e and E(ker(N)) = E(ker(P )). In fact, C R(G) (e) ⊆ C B (e).
Notice that
. 
Thus P is a semi-direct product of P e and R u (G). 2
Given an irreducible algebraic monoid M with unit group G and e ∈ E(ker(M)), the decomposition 
From Theorem 2.4 we see that once some parabolic subgroup has such a semi-direct product decomposition, so do all parabolic subgroups. Thus, combining with the proof of Theorem 2.4, we have the following Corollary 2.6. Let M be an irreducible algebraic monoid with unit group G, e ∈ E(ker(M)) and P a parabolic subgroup of G. The following are equivalent: 
is a bijection.
(ii) For a given B ∈ B G , P
C G (e)
C B (e) = {C P (e) | P ∈ P G B } and the map 
, and so L = C B (e) as desired.
Conversely, assume D ∈ B C G (e) . Then D C G (e) and then 
(ii) We only need to show that for each Q ∈ P C G (e) C B (e) , there exists a parabolic subgroup P ∈ P G B such that Q = C P (e). Indeed, let P = Q R u (G). Then P is a parabolic subgroup of G containing B and P Q R u (G). Thus C P (e) C Q (e) = Q . Let x ∈ C P (e). Then there exist q ∈ Q = C Q (e) and v ∈ R u (G) such that x = qv. Since qve = eqv = qev, we see v ∈ C R u (G) (e). So 
C P (e) ⊆ Q C R u (G) (e) = Q .
Thus C P (e) = Q as desired. This shows that the map P → C P (e) is surjective. It remains to show that this map is injective. Assume C P 1 (e) = C P 2 (e) for P 1 , P 2 ∈ P G B . Then, by Theorem 2.4(i), we have P 1 = C P 1 (e)R u (G) = C P 2 (e)R u (G) = P 2 .
(iii) By Theorem 2.4(i), G = C G (e)R u (G) and P = C P (e)R u (G). Since char(K ) = 0, (2) as algebraic groups, and P /R u (G) ∼ = C P (e)/ C P (e) ∩ R u (G) = C P (e)/C R u (G) (e) as algebraic groups. Then, by [1, Corollary 6.11] , G/P ∼ = C G (e)/C P (e) as quasi-projective varieties. Since G/P is projective, so is C G (e)/C P (e).
G/R u (G) ∼ = C G (e)/ C G (e) ∩ R u (G) = C G (e)/C R u (G) (e)
(iv) For any x ∈ G, there exist x c ∈ C G (e) and x u ∈ R u (G) dim G − dim P = dim C G (e) − dim C P (e), and
The first immediately follows from Theorem 3.1(ii). The second results from Theorem 2.4(i) and [4, Lemma 3.4] .
